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AN ABSTRACT OF THE DISSERTATION OF 
 
Juan Jose Garcilazo, for the Doctor of Philosophy degree in Engineering Science, 
presented on February 5, 2015, at Southern Illinois University Carbondale.  
 
TITLE:  NONLINEAR ANALYSIS OF PLANE FRAMES SUBJECTED TO 
TEMPERATURE CHANGES. 
 
MAJOR PROFESSOR:  Dr. Aslam Kassimali  
 
 In this study, methods for the geometric nonlinear analysis and the material 
nonlinear analysis of plane frames subjected to elevated temperatures are presented. 
The method of analysis is based on a Eulerian (co-rotational) formulation, which was 
developed initially for static loads, and is extended herein to include geometric and 
material nonlinearities. Local element force-deformation relationships are derived using 
the beam-column theory, taking into consideration the effect of curvature due to 
temperature gradient across the element cross-section. The changes in element chord 
lengths due to thermal axial strain and bowing due to the temperature gradient are also 
taken into account. This “beam-column” approach, using stability and bowing functions, 
requires significantly fewer elements per member (i.e. beam/column) for the analysis of 
a framed structure than the “finite-element” approach. A computational technique, 
utilizing Newton-Raphson iterations, is developed to determine the nonlinear response 
of structures. The inclusion of the reduction factors for the coefficient of thermal 
expansion, modulus of elasticity and yield strength is introduced and implemented with 
the use of temperature-dependent formulas. A comparison of the AISC reduction factor 
equations to the Eurocode reduction factor equations were found to be in close 
agreement.  Numerical solutions derived from geometric and material analyses are 
presented for a number of benchmark structures to demonstrate the feasibility of the 
proposed method of analysis. 
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 The solutions generated for the geometrical analysis of a cantilever beam and an 
axially restrained column yield results that were close in proximity to the exact, 
theoretical solution. The geometric nonlinear analysis of the one-story frame exhibited 
typical behavior that was relatively close to the experimental results, thereby indicating 
that the proposed method is accurate. 
The feasibility of extending the method of analysis to include the effects of 
material nonlinearity is also explored, and some preliminary results are presented for an 
experimentally tested simply supported beam and the aforementioned one-story frame. 
The solutions generated for these structures indicate that the present analysis 
accurately predicts the deflections at lower temperatures but overestimates the failure 
temperature and final deflection. This may be in part due to a post-buckling reaction 
after the first plastic hinge is formed. Additional research is, therefore, needed before 
this method can be used to analyze the materially nonlinear response of structures.  
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CHAPTER 1 
INTRODUCTION 
General Overview 
In 2011, the American Society of Civil Engineers (ASCE) published a Special 
Issue in the Journal of Structural Engineering commemorating ten years of research 
since the attacks of September 11, 2001. In this issue, numerous papers focus on the 
topics of resiliency and robustness, experimental, analytical and probabilistic 
investigations of progressive collapse, as well as studies on the behavior of columns 
and steel beams in the presence of a fire (Garlock and Surovek 2011). The studies 
performed in these papers utilize various finite element analyses to investigate the 
behavior the structures or individual members. Although this method is sufficiently 
accurate and all-inclusive, the research software for these analyses can be expensive 
and time-consuming.  
The beam-column theory, which is based on an Eulerian (corotational) 
formulation and was initially developed for static loads, is extended in this study to 
include thermal effects, therefore offering an additional method for the study of the 
thermal effects on steel beams and columns. This method consists of local element 
force-deformation relationships, that are expressed in terms of stability and bowing 
functions, and allows arbitrarily large rigid body translations and rotations, assuming 
that the relative element deformations are small enough to justify the use of the beam-
column theory. When performing this type of analysis, two types of nonlinearities may 
be considered, namely, that due to changes in the geometry of the member and that 
due to yielding of the member. The geometric nonlinearities include the effect of 
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changes in chord lengths because of thermal axial strain and bowing due to the 
temperature gradient. Material nonlinearities include the deterioration of the strength 
and stiffness of the members, due to a reduction in the modulus of elasticity and yield 
stress, which in turn lead to the formation of plastic hinges.  
Literature Review 
Utilizing the beam-column theory, Timoshenko and Gere (1961) derived element 
force-deformation relationships where independent loads are applied at joints that 
create relative small member deformations. Saafan (1963) developed work on a length 
correction factor due to bowing, employing bowing functions in terms of an axial force 
parameter. Oran (1973) developed work on stability functions, dependent on the 
compressive or tensile axial force of the member.  
Ultimately, Oran and Kassimali (1976) developed a conventional beam-column 
theory based on a Eulerian (corotational) formulation for the analysis of static loads on 
elastic framed structures. This method employs the use of the aforementioned element 
force-deformation relationships, bowing factors and stability functions. Kassimali (1983) 
expanded on this method to include large deformations in the analysis of elastic-plastic 
frames. In his study the material is assumed to be ideally elastic-plastic, with yielding 
considered to be concentrated at member ends in the form of plastic hinges. Included 
as well is a computational technique, using Newton-Raphson iterations, developed to 
determine the nonlinear responses of structures. Abbasnia (1992) further extended this 
study for the nonlinear analysis of space frames. 
Najjar and Burgess (1994) describe the principles of a nonlinear analysis of steel 
skeletal frames under fire conditions. The program flow in the study contains a Newton-
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Raphson solution sequence as well, but incorporates the subdivision of the cross 
section of each element. Chan and Chan (2001) present a beam-column type of 
procedure for analyzing plane frames under fire, although they utilize approximate 
expressions for the stability and bowing functions and neglect the effect of temperature 
gradient across the element cross section.  A nonlinear elastoplastic analysis of steel 
frames at elevated temperatures is presented by Vimonsatit, Tan and King (2003) as 
well. This study is limited to semirigid frames and is based on the assumption that the 
plastic limit temperature can be through a linear analysis. Liew, Tang and Choo (2002) 
and Ma and Liew (2003), (2004) present similar nonlinear plastic hinge analyses, that 
are further extended to include three-dimensional modeling, but utilizes the subdividing 
of the members to apply the heat transfer analysis. Chen and Liew (2005) further 
expand this study to include a mixed element approach, where the beam element 
approach is used for the overall structure, and a finite element method is used for 
localized, critical members affected by the elevated temperatures.  
 The more common or utilized method for the analysis of steel members and 
frames is the finite element method. Saab and Nethercot (1990) developed a 
formulation for the nonlinear analysis of two-dimensional steel frames under fire that 
included a Newton-Raphson iteration solution as well. The deterioration of strength and 
elastic modulus due to elevated temperatures was represented by a set of nonlinear 
stress-strain relationships, using a Ramberg-Osgood equation. Bailey (1998) and 
Franssen (2005) developed finite element software at their respective universities for 
the modeling and simulation of steel framed buildings under fire. Toh (2000) developed 
a finite element model as well, based on the empirical Rankine approach on rigid 
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frames. This model is then further used and expanded to include different types of 
structures with additional assumptions by Toh, Tan and Fung (2001), Tank, King and 
Huang (2002) and Tan and Huang (2005). These studies determine the actual critical 
load factor by separating the analysis of the rigid-plastic collapse of the frame and 
elastic buckling for the frame stability. Cai, Burgess and Plank (2003) developed a finite 
element program based on the beam-column element principle, dividing the cross 
section of the member into numerous smaller segments.  
 Many of the aforementioned studies, the beam-column analyses and finite 
element methods, used theoretical and/or experimental data to which compare their 
respective study. One of the most referenced experimental data is Rubert and 
Schaumann’s (1986) study on structural steel and plane frames under fire. In this study, 
a series of experimental tests are performed on standard rolled sections in various 
frame setups, ranging from simply supported beams to one-story frames. The results 
and behavior acquired from these test has proven to be very valuable and a source of 
advantageous benchmark data. Janss and Minne (1981/1982) published theoretical and 
experimental results on column buckling tests at elevated temperatures, performed on 
members oriented vertically or horizontally. Wainman and Kirby, in partnership with the 
British Steel Corporation (1988/1989) published compendiums of standard fire steel test 
data, with the various setups ranging from simply supported floor beams to columns and 
beams in walls. Most recently, Choe, Varma, Agarwal, and Surovek (2011) published 
the experimental results of steel beam-columns and columns under fire loading, 
determining moment-curvature, inelastic buckling and axial loading results.  
 Another commonality in the beam column analyses and finite element method 
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studies is the inclusion of the degradation in strength of steel at elevated temperatures 
and how it is captured. A majority of studies reference the Eurocode 3: Design of steel 
structures (1993) for the reduction factors for the effective yield strength, modulus of 
elasticity and the coefficient of thermal expansion. The American Institute of Steel 
Construction (AISC) published the Specification for Structural Steel Buildings (2005) in 
which reduction factors for the modulus of elasticity and effective yield strength are 
included based off of US units.  
Objective & Scope 
The main objective of this study is to examine the thermal effect on plane frames 
when subjected to increasing temperatures, using the beam-column theory as a basis to 
include geometric and material nonlinearities. The material nonlinearities are based on 
specifications according to AISC Revision 10. Extensive numerical solutions have been 
generated for various structures to demonstrate the feasibility, advantages, and 
limitations of the present method of analysis. The temperature-based results that will be 
considered are horizontal deflections and vertical deflections, as well as mid-span 
deflections, where applicable.   
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CHAPTER 2 
GEOMETRICALLY NONLINEAR FORMULATION 
 The geometric nonlinear formulation used in this study is reviewed herein. The 
formulation utilizes an Eulerian coordinate system to separate the arbitrarily large rigid 
body translations and rotation, from the relative member deformations, which are 
considered to be small enough to justify the use of the conventional beam-column 
theory, Oran (1973), Kassimali (1976), and Abbasnia (1992). 
Member Stiffness Relations 
 A typical member of a plane frame in local coordinates is shown in Figure 2.1. 
Included in this figure are the member’s corresponding end moments, Q1 and Q2, it’s 
internal axial force Q3, and it’s relative end rotations u1 and u2. The cross section of the 
arbitrary member is also shown in this figure, where the temperature gradient is shown 
to vary linearly over the depth of the member, from Tt at the top to Tb at the bottom. It 
must be noted that the temperature is constant along the length of the member, 
therefore it does not vary from member end to end. In order to include the terms of a 
specified temperature change into the relationships between the member end moments 
and the relative end rotations, the following assumptions and subsequent derivations 
must be made.  
Considering the moment Mx of a member with its deformed rotation of a section 
at a location of x and y, the moment at that location is a function of the end moments 
(Q1 and Q2), the axial force (Q), the deformed length (L’) and the temperature gradient 
(Z). Thus, the equation for bending moment can be written as  
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Qx  Q1  Q1 Q2L



x Q3y  
The moment curvature relation is: 
Qx
EI
 y  Z  
y  Qx
EI
 Z  
with 
Z  Tb Tt
d







 
Substituting the expressions of Qx and Z into the second derivative of y, we obtain 
d 2y
dx2
 1
EI
Q1  Q1 Q2 L x Q3y



 Z
d 2y
dx2
Q3
EI
y  1
EI
Q1  Q1 Q2 L x



 Z
 
Letting:  
k2  Q3
EI  
y  k2y  1
EI
Q1  Q1 Q2 L x



 Z        (2.1) 
The general solution of the foregoing differential equation is given by:  
 y  yc  yp  
with the complimentary solution:  
yc  AsinkxBcoskx  
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The particular solution is assumed of the form: 
 yp Cx D   
from which,  
yp C  
and 
yp  0 
Substitution of the particular solution in the differential Eqn.2.1 yields 
0 k2 Cx D   Q1 Q2L EI



x 
Q1
EI
 Z  
Comparing the left-hand side and right-hand sides: 
C k2   Q1 Q2L EI x  
from which 
C  Q1 Q2L EI  
and 
D k2   Q1EI  Z  
from which 
D   Q1
k2EI
 Z
k2
 
Therefore, the particular solution becomes 
yp  Q1 Q2k2 L EI



x 
Q1
k2EI
 Z
k2
 
and the general solution can be written as: 
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y  Asinkx Bcoskx  Q1 Q2
k2 L EI



x 
Q1
k2EI
 Z
k2
     (2.2) 
y  Ak coskx Bk sinkx  Q1 Q2
k2 L EI



       (2.3) 
Applying the boundary condition at   x = 0,  y = 0 
0  B Q1
k2EI




Z
k2
 
from which 
B  Q1
k2EI
 Z
k2
         (2.4) 
Next applying the second boundary condition at  x = L’,  y = 0 
0  Asink L  Q1
k2EI
 Z
k2



cosk L 
Q1 Q2
k2EI




Q1
k 2EI
 Z
k2



  
Asink L  Q1
k2EI
 Z
k2



 1 cosk L  
Q1 Q2
k2EI



 
Letting  k L   
A  Q1
k2EI
 Z
k2




1 cos
sin




Q1 Q2
k2EI sin



      (2.5) 
The moment-rotation relationships can now be established by setting, x = 0, y  u1  
into Eq. 2.3. This yields 
u1  Ak  Q1 Q2k2 L EI



 
Substituting Eqn. 2.5 
u1  Q1kEI 
Z
k




1 cos
sin




Q1 Q2
kEI sin




Q1 Q2
k2 L EI



     (2.6) 
Next by setting x = 0, y  u2  into Eq. 2.3 
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u2  Ak cosk L Bk sink L  Q1 Q2k2 L EI



 
u2  Ak cos Bk sin  Q1 Q2k2 L EI



 
Substitution of Eqns. 2.4 and 2.5 yields 
u2  Q1kEI 
Z
k




1 cos
tan




Q1 Q2
kEI tan




Q1
kEI
 Z
k



sin 
Q1 Q2
k2 L EI



  (2.7) 
Eqns. (2.6) and (2.7) can be rewritten as 
u1  Q1 LEI f1 
Q2 L
EI
f2  Z L f3         (2.8) 
u2  Q1 LEI f2 
Q2 L
EI
f1  Z L f3        (2.9) 
In which: 
f1  sin  cos 2 sin




f2  sin  2 sin




f3  1 cos sin




 
Next, the equations notated (2.8) and (2.9) are solved for the moments Q1 and Q2 , in 
terms of Z and the angles u1 and u2 , as follows: 
Q2 L
EI
f2  u1 Q1 LEI f1  Z L f3  
Q2 L
EI
 u1
f2
Q1 L
EI
f1
f2
 Z L f3
f2
        (2.10) 
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Q2 L
EI
f1  u2 Q1 LEI f2  Z L f3 
Q2 L
EI
 u2
f1
Q1 L
EI
f2
f1
 Z L f3
f1
        (2.11) 
Setting the equations noted (2.10) and (2.11) equal to each other: 
u1
f2
Q1 L
EI
f1
f2
 Z L f3
f2
 u2
f1
Q1 L
EI
f2
f1
 Z L f3
f1
u1
f2
 u2
f1
 Z L f3
f2
 Z L f3
f1
 Q1 L
EI
f1
f2
 f2
f1




u1 f1 u2 f2  Z L f1 f3  f2 f3   Q1 LEI f12  f22 
 
from which 
Q1 L
EI
 1
f1
2  f22  u1 f1 u2 f2  Z L f1 f3  f2 f3       (2.12) 
Substituting equation (2.11) into (2.12), the following is determined: 
Q2 L
EI
 u2
f1
 Z L f3
f2
 f2
f1 f1
2  f22  u1 f1 u2 f2  Z L f1 f3  f2 f3  
Q2 L
EI
  f2
f1
2  f22
u1 u2 1f1
 f2
2
f1 f1
2  f22 





 Z L
f3
f1
 f2 f1 f3  f2 f3 
f1 f1
2  f22 






 
or 
Q2 L
EI
 1
f1
2  f22
 f2u1  f1u2  Z L f1 f3  f2 f3       (2.13) 
To express Eqns. (2.12) and (2.13) in terms of the conventional stability functions, c1 
and c2, the following relations between f1, f2, and f3 are needed: 
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f1
2  f22  sin  cos 
2
 4 sin2 
sin  2
 4 sin2
 sin
2  2 sin cos  2 cos2   sin2  2 sin  2 
 4 sin2
 2 sin 1 cos   2 1 cos2   4 sin2
 2 sin 1 cos   sin 4 sin2 
 2 1 cos   2 sin2 3 sin
f1
2  f22  2 2cos  sin 3 sin
 
f1
f1
2  f22
 sin  cos 2 sin




 3 sin
22cos  sin



 
f1
f1
2  f22
  sin  2 cos
2 2cos  sin  c1       (2.14) 
in which c1 is the first stability function. Furthermore,  
 f2
f1
2  f22
   sin 2 sin




 3 sin
2 2cos  sin



 
 f2
f1
2  f22
  2  sin
2 2cos  sin  c2        (2.15) 
in which c2 is the second stability function. It is further noted that 
f1 f3  f2 f3  f3 f1  f2 
 1 cos sin




sin  cos  sin 
 2 sin




 2sin  cos   2sin cos  cos2  cos 3 sin2 
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 2sin 1 cos   1 cos2   3 sin2
 2sin 1 cos   sin2  3 sin2 
f1 f3  f2 f3  2 2cos  sin 3 sin
 
f1 f3  f2 f3
f1
2  f22
 22cos  sin 3 sin




 3 sin
2 2cos  sin




f1 f3  f2 f3
f1
2  f22
1  
By using the foregoing equations, and the Eqs. (2.13) and (2.14), the following element 
force-deformation relationships are obtained: 
Q1  EIL c1u1  c2u2  EI
Tb Tt
d



       (2.16) 
Q2  EIL c2u1  c1u2  EI
Tb Tt
d



       (2.17) 
with the moments obtained being a function of the member’s properties E (modulus of 
elasticity), I (moment of inertia about the major axis) and  (coefficient of thermal 
expansion). The stability function terms c1 and c2, are considered dependent on whether 
the axial force is in compression, tension or zero, Oran (1973).  
The element axial force Q3 can be written as 
Q3  EA u3L  cb 
Tb Tt
2







        (2.18) 
in which  
cb  b1 u1 u2 2  b2 u1 u2 2         (2.19) 
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denotes the axial strain due to flexural bowing, with b1, b2= bowing functions, Saafan 
(1963).  
b1  c1  c2  c2  2 8 2q          (2.20) 
b2  c28 c1  c2           (2.21) 
Although Eqn. 2.18 for cb is similar in form to that used by Oran (1973), it now includes 
the effect of bowing due to temperature gradient via Eqns. 2.16 and 2.17. As was 
previously mentioned, the stability functions are dependent on the member axial force. 
For compressive axial forces, (q > 0) the stability functions were previously given in 
Eqns. (2.14) and (2.15).  
For zero axial force, (q = 0) 
c1  4           (2.22) 
c2  2            (2.23) 
For tensile axial force, (q < 0) 
c1  
2 cosh  sinh
2 2cosh  sinh         (2.24) 
c1  
2 cosh  sinh
2 2cosh  sinh         (2.25) 
in which 
 2   2q           (2.26) 
Explicit series expressions for stability and bowing functions in terms of a dimensionless 
axial force parameter q, Kassimali (1983) are 
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q  Q3
QEuler
 Q3L
2
 2EI          (2.27) 
are 
c1  4 215
2q 11
6,300
 4q2  1
27,000
 6q3      (2.28) 
c2  2 130 
2q 13
12, 600
 4q2  11
378, 000
 6q3     (2.29) 
b1  140 
1
2,800
 2q 1
168, 000
 4q2  37
388, 080, 000
 6q3     (2.30) 
b2  124 
1
720
 2q 1
20,160
 4q2  1
604,800
 6q3      (2.31) 
These force-deformation relationships presented thus far are based on the condition 
that the element is rigidly connected to joints at both ends, that is, there are no plastic or 
real hinges present in the member.  
 The transformation relation between an element’s local forces {Q} and its global 
end forces {F} (see Figure 2.2) can be expressed as (Oran 1973) 
{F} =  [B]{Q}          (2.32) 
in which the transformation matrix 
B   1
L
n n mL
m m nL
L 0 0
n n mL
m m nL
0 L 0






        (2.33) 
with  
m  cos n  sin         (2.34) 
16 
In Eqns. 2.33 and 2.34, L  and  refer to the length and orientation, respectively, of the 
chord of the element in its deformed configuration, as seen in Figure 2.2. The local 
member deformations can be expressed directly in terms of global displacements, {v}, 
by Kassimali (1983) 
u1 3             (2.35) 
u2 6             (2.36) 
u3
L
            (2.37) 
with  
             (2.38) 
In these aforementioned expressions,  refers to the orientation of the chord in the un-
deformed configuration, and  refers to the angle of rotation of the chord. For arbitrarily 
large chord rotations, 
tan  x2(2)  x2(1)
x1
(2)  x1(1)
         (2.39) 
tan  x2(2)  v5  x2(1)  v2
x1
(2)  v4  x1(1)  v1
        (2.40) 
and  
L  x1(2)  v4  x1(1)  v1 2  x2(2)  v5  x2(1)  v2 2 1/2      (2.41) 
in which x1
( j ) and x2
( j ) represent the global coordinates of joint j in the initial un-deformed 
configuration. These transformation relations are exact in the sense that they allow 
arbitrarily large rigid body translations and rotations of the elements.  
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Member Incremental Stiffness Relations 
The incremental (tangent) stiffness relations are determined by differentiating the 
member force deformation equations (Eqs. 2.3 to 2.5) term-by-term with respect to u1, 
u2, u3, Tb, and Tt. The tangent stiffness relations can be expressed as  
Q }= [k]  {u} + {QT}        (2.42) 
in which [k] = element tangent stiffness matrix in local coordinates. The explicit form of 
[k], containing the partial derivatives of Q1, Q2, and Q3 with respect to u1, u2, and u3 was 
originally published by Oran (1973), and is given by 
k  
c1  G1
2
 2H c2 
G1G2
 2H
G1
LH
c1  G1
2
 2H c1 
G1
2
 2H
G2
LH
G1
LH
G2
LH
 2
L2H






      (2.43) 
In which  
G1  c1u1  c2u2          (2.44) 
G2  c2u1  c1u2          (2.45) 
H   2 2  b1 u1 u2 
2  b2 u1 u2 2        (2.46) 
with 
  L
I
A
          (2.47) 
in which I is an arbitrary reference moment of inertia (about the major axis); and a prime 
superscript represents a differentiation with respect to q. A differentiation with respect to 
q gives the following relationships Oran (1973) and Kassimali (1976) 
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c1  2 2 b1 b2           (2.48) 
c2  2 2 b1  b2           (2.49) 
b1   b1  b2  c1  c2  2c2b14q        (2.50) 
b2  
2 16b1b2  b1  b2 
4 c1  c2          (2.51) 
The incremental vector {QT} contains changes in Q1, Q2, and Q3 due to Tb and Tt. 
Consider for example, the expression for Q1 (Eqn. 2.16). The incremental change in Q1 
due to changes in Tb and Tt can be written as 
QT1  Q1Tb



Tb 
Q1
Tt



Tt         (2.52) 
in which 
Q1
Tb
 EI
L
c1 qTb



u1  c2
q
Tb



u2




EI
d
      (2.53) 
with the axial force parameter 
q  Q3 2EI
L2




  2 2
u3
L
 b1 u1 u2 2 b2 u1 u2 2 2 Tb Tt 



   (2.54) 
The partial differentiation of Eq. (2.54) yields 
Q1
Tb
 
2H
          (2.55) 
by substituting Eq. (2.54) into (2.55), one obtains 
Q1
Tb
 EI
L
c1u1  c2u2  2H








EI
d
        
or 
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Q1
Tb
 EI
L
G1

2H








EI
d
        (2.56) 
Similarly, it can be shown that  
Q1
Tt
 EI
L
G1

2H








EI
d
        (2.57) 
By substituting Eqns. (2.56) and (2.57) into Eq. (2.52) the final form of {QT1 } is 
obtained as  
QT1  EIL
G1
2H
Tb Tt   EId Tb Tt      (2.58) 
The expressions for dqt2 and dqt3 are derived similarly, are given by 
QT 2  EIL
G2
2H
Tb Tt   EId Tb Tt       (2.59) 
and 
QT 3  
2EI
L2





2H



 Tb Tt 
       
(2.60) 
Therefore, 
QT   EI
G1
2LH
Tb Tt   1d Tb Tt 
G2
2LH
Tb Tt   1d Tb Tt 
 2G1
2L2H
Tb Tt 






     (2.61) 
in which 
 The element tangent stiffness relationships in the global coordinates (Fig.2.2) 
can be expressed as  
F} = [K]  {v} +{ FT}        (2.62) 
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in which the element tangent stiffness , [K] is given by Oran (1973) 
K   B  k  B T  Qj g( j ) 
j1
3        (2.63) 
with the superscript T denoting transpose and the geometric matrices [g(j) ] 
g(1)  g(2)  1
L2
2mn m2 n2 0 2mn  m2  n2  0
m2 n2 2mn 0  m2  n2  2mn 0
0 0 0 0 0 0
2mn  m2  n2  0 2mn m2 n2 0
 m2  n2  2mn 0 m2  n2 2mn 0
0 0 0 0 0 0






 (2.64) 
g(3)  1
L
n2 mn 0 n2 mn 0
mn m2 0 mn m2 0
0 0 0 0 0 0
n2 mn 0 n2 mn 0
mn m2 0 mn m2 0
0 0 0 0 0 0






     (2.65) 
and  
FT }=[B]  {QT}         (2.66) 
 
Structure Equilibrium Equations 
The formulation that has been presented herein has been for an individual member of a 
plane frame, therefore isolated or independent of the other members of the frame. The 
development of the frame’s structure stiffness matrix [S] follows the element code 
number technique presented by Kassimali (1999), which combines the individual 
element matrices [K] into one global matrix.  
 The loads applied to the plane frame, in this case the external joint loads {P} and 
21 
increasing temperature T, are the factors that obviously create the resultant internal 
forces. The nonlinear equation of equilibrium, which shows this, is expressed as 
f x,T    P          (2.67) 
The resultant internal forces {f} are a function of the displacements and rotations of the 
coordinates of the joints of the frame (x), as well as the temperature T. In incremental 
form, Eqn. 2.67 can be written as 
P} –{ PT }= [S] {x}        (2.68) 
in which {P} and {x} represent incremental values of external loads and joint 
displacements, respectively; and the vector {PT}contains the structure fixed-joint forces 
due to temperature increment. The vector {PT }is assembled from the individual 
element joint displacements, {FT}, using the same element code number technique 
previously mentioned.  
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CHAPTER 3 
METHOD OF ANALYSIS  
The nonlinear response of structures is generated using an incremental 
approach with a Newton-Raphson type of iteration performed at each temperature 
(and/or load) level to satisfy the joint equilibrium equations Eqn. 2.67.  
 Consider a load level, {p(i)}, and assume that the corresponding deformed 
configuration of the system, which is denoted symbolically by {x(i)}, is known. It is now 
desired to determine the configuration {x(i+1)}, corresponding to a load level, 
{p(i+1)} = {p(i)} + {p},         (3.1) 
in which p  represents a small load increment. Using a linearized analysis, the 
change in configuration x  is first computed from Eqn.2.68 by evaluating the structure 
stiffness matrix, S  , at the beginning of the loading interval, i.e., at load level p i  . 
The solution {x(i)}+ {x}, thus obtained represents an approximate configuration in the 
sense that the joint equilibrium equations are not necessarily satisfied at the load level 
p i1  . This approximate solution is then corrected by a Newton-Raphson type of 
iteration, until the equations of equilibrium are satisfied within a prescribed tolerance.  
Numerical Procedure 
 A flowchart of the numeral technique is given in Fig. 3.1. The computation steps 
associated with each load increment can be summarized as follows: 
1. Determine for each member, the tangent stiffness matrix, [K], in global 
coordinates (Eqn.2.63) using the latest information concerning member geometry 
and forces. Assemble the system tangent stiffness matrix [S]. 
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2. Substitute [S] and p  into Eqn.2.68 and solve for x . 
3. Determine the new geometric configuration of the structure. 
a. Determine the new joint locations (coordinates) from the equation 
{x(i+1)} = {x(i)} + {x}      (3.2) 
4. Determine member geometry by using the latest information concerning the 
locations and rotations of the joints of the structure, determine for each member 
the relative deformations u, by using Eqns. 2.35 through 2.41. 
5. Determine member end forces. For each member, determine first the end forces 
{Q} from Eqns. 2.16 through 2.18, and then the end forces in global coordinates, 
F   B  Q          (3.3) 
6. Determine unbalanced joint forces Q . From Eqn. 2.67, f x,T   P , the 
unbalanced joint forces can be calculated as, 
Q i  P  f x,T  i      (3.4) 
in which f x,T  i  represents internal joint forces corresponding to the 
configuration x i  at the temperature T.  
7. Using the latest available values of all geometric and static quantities, determine 
[K] for each member. Assemble the tangent stiffness matrix [S].  
8. Determine correction displacement vector {x}. From Eqn. 3.4, the unbalanced 
joint forces are treated as a load increment and the displacement vector is 
obtained from the incremental relationship 
 {x}i [S]i = {Q}i       (3.5) 
Substitute S and Q  into Eqn. 3.5 and solve for x . 
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9. If the correction displacement vector is not sufficiently small, determine the new 
geometric configuration {x(i+1)} = {x(i)} + {x}, and repeat steps 4 through 9 until 
x  is sufficiently small according to a predetermined criterion.  
10.  Introduce a new load or temperature increment, P , and return to step 1.  
The specific convergence criterion as used herein is based on a comparison of the 
incremental values, x , of the displacements to their cumulative values, x . In 
applying this criterion, translations and rotations of the joints are treated as separate 
groups, and convergence is assumed to have occurred when the inequality 
xi 2
i

xi 2
i







1
2
 e         (3.6) 
is satisfied simultaneously and independently for each group. In this inequality, the 
dimensionless parameter e represents a predetermined prescribed tolerance.  
Calculation of member axial force 
A computational difficulty arises at the element level in step 5 in determining {Q} from 
u . This is due to the fact that the expression for member axial force, Q3, as given by 
Eqn. 2.18, involves highly nonlinear bowing functions b1 and b2 , of the axial force 
parameter, q . In the presence of hinges, the problem is further complicated by the fact 
that the rotations at the released ends are also functions of q . The problem can be 
solved, however, by the following iterative procedure. Noting that Eqn. 2.18 can be 
conveniently rewritten in terms of q , as  
J q    2 2 q cb 
u3
L
 Tb Tt
2



       (3.7) 
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An approximate solution qi is initially chosen, and is corrected successively by using the 
relation Kassimali (1983) 
qi1  qi qi  qi  Jq(i)J q(i)
        (3.8) 
with  
J q    2 2  cb          (3.9) 
and 
cb  b1 u1 u2 2  b2 u1 u2 2  2 b1 u1 u2 2 u1  u2   2 b2 u1 u2 2 u1  u2   (3.10) 
After the axial force has been evaluated using the foregoing iteration, element end 
moments can be obtained from Eqns. 2.16 and 2.17. The local and global method of 
analysis, as well as the computational procedure, can than be repeated, until the 
approximate solution is corrected sufficiently to satisfy the prescribed convergence 
criteria.   
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CHAPTER 4 
NUMERICAL RESULTS AND DISCUSSION 
In order to evaluate the computational merits and limitations of the geometrically 
nonlinear formulation developed herein, numerical solutions have been generated for 
three benchmark structures.  
Cantilever Beam 
The first structure analyzed was the cantilever beam shown in Figure 4.1, with the 
following properties: 
Table 4.1 Cantilever Beam: dimensions and properties 
Length (L) 240 in 
Depth (d) 5 in 
Area (A) 10 in2  
Moment of Inertia (I) 100 in4 
Modulus of Elasticity (E) 10,000 kip/in2  
Coefficient of Thermal Expansion () 1.3 (10‐5)/ 0F  
 
When subjected to a temperature increase T along its bottom surface and an equal 
temperature decrease along its top surface (i.e., -T), the beam bends in a circular arc of 
radius 
R  d
2T           (4.1) 
 The rotation, r , and the horizontal and vertical deflections, h  and v  
respectively, of the tip of the cantilever can be expressed in terms of the temperature 
change T as 
r  2TLd           (4.2) 
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h  L  d2T



 sin
2TL
d



        (4.3) 
v  d2T 1 cos
2TL
d







         (4.4) 
 The numerical results obtained for this beam by the present formulation are 
summarized in Figure 4.2, in which the solid lines represent the exact solutions given in 
Eqns. 4.3-4.4. Two analytical models of this beam were also created and analyzed, one 
with only one element representing the beam, and another where the beam is split up 
into two equal lengths. The solutions for the analytical models, represented in Figure 4.2 
as the circular and triangular shapes, were found to be in close agreement (within 1%) 
with the exact solution formulation, up to a temperature of about T = 1600 0F. For a 
temperature of T greater than1600 0F, the one-element model results deviate from the 
exact solution formulation, as opposed to the two-element model, which continues to 
yield results in close agreement with the exact solutions. At higher temperatures, 
greater than 2000 0F, the vertical deflections for the one-element model begin to deviate 
even more from the exact solution than the two-element model. Moreover, the vertical 
deflections begin to decrease at this temperature as well. The horizontal deflections 
show a gradual, linear increase and result in the structure having large deformations in 
this direction. 
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Axially Restrained Column 
A more complex element than the cantilever beam was additionally analyzed in order to 
illustrate the derived analytical model. The axially restrained, fixed-hinge steel column 
found in Figure 4.3 was analyzed under an increasing temperature load and various 
imperfection loads.  
Table 4.2 Axially Restrained Column: dimensions and properties 
Length (L) 1100 mm 
Depth (d) 203 mm 
Area (A) 5860 mm2  
Moment of Inertia (I) 4.54 (107) mm4   
Modulus of Elasticity (E) 210 kN/mm2  
Coefficient of Thermal Expansion () 1.2 (10‐5)/ 0C  
 
Specifically, the column is subjected to a uniform temperature increase T, with a small 
gradient to account for the effect of imperfections in the temperature distribution. Thus, 
as shown in Fig. 4.3, the temperature varies linearly from (1-e)T at the top of the cross 
section to (1+e)T at the bottom of the cross section. Three values of the imperfection 
parameter e (=0, 0.02, and 0.1) are considered in this study.  
 A commonly known feature of an unrestrained fixed-hinge column is that when it 
is subjected to a concentrated axial load, the column becomes unstable at a bifurcation 
point, with ascending post-buckling paths, at a load of magnitude Pbif .   2EI / 0.7L 2  
Timoshenko and Gere (1961). Thus, the (uniform) bifurcation temperature increase, Tbif., 
that induces an equivalent axial force in the corresponding restrained column, can be 
expressed as 
Tbif .  Pbif .EA 
 2
 0.7 2         (4.5) 
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For the respective axially restrained column in this study (W200x46), the bifurcation 
temperature increase is determined to be Tbif. = 107.5 0C. 
 Numerical results obtained for the restrained column using the present 
formulation are summarized in Figures 4.4-4.6. Since the determinant of the structure 
tangent stiffness matrix (det S) must vanish at a bifurcation point, Tbif. can be 
conveniently determined numerically by plotting the values of det S as a function of the 
temperature increase T, for the case of uniform temperature increase (e=0). Fig. 4.4 
shows the variation of det S as a function of T in the range of 0 T 120 0C .  
It can be seen that for the uniform temperature distribution with no imperfections 
(e=0), det S crosses the horizontal axis and begins to exhibit negative values at a 
temperature range of 100  T 110 0C . Upon closer inspection, one can see that the 
present analysis accurately predicts the bifurcation temperature increase Tbif. at 107.5 
0C. 
In the presence of imperfections (e=0.02 and 0.1), the solutions exhibit the typical 
behavior that characterizes ascending post-buckling paths. The higher the imperfection 
value, the higher the determinant values remain, but with the lowest value always 
occurring at the bifurcation temperature.  
Figure 4.5 illustrates the rotational response of the column over a larger 
temperature increase range (0 T  800 0C ). Due to the axial restraint, the column 
exhibits postbuckling stiffness at temperatures beyond the bifurcation temperature 
107.5 0C. Utilizing the 1-element model, the imperfection results of e=0.02 and 0.1 are 
similar in response, with relatively small rotations up to 100 0C, then a gradual, 
nonlinear increase of the rotations with respect to the temperature. A 2-element model 
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was also employed, dividing the element into two separate, equal lengths. For this 
model, the bowing terms (b1, b2 and cb) were neglected and an imperfection value of 
e=0.1 was used. In this analysis, the solution drifts away from the complete formulation, 
resulting in larger rotational values at a given temperature.  
 The 2-element model was also analyzed to investigate the midspan deflection at 
imperfection values e=0.02 and 0.1, as well as with the neglecting of the bowing terms. 
The results in Figure 4.6 illustrate similar behavior for the midspan deflection as the 
hinged end rotation, where there were relatively small deflections up to 100 0C, then a 
gradual, nonlinear increase of the deflections with respect to the temperature. When 
omitting the bowing terms in this analysis, at the imperfection value of e=0.1, the 
deflections at a given temperature were found to be larger than the deflections that 
include the bowing terms.  
Material Reduction Factors 
 For structures with members uniformly heated across their cross section, the 
effects of degradation in the modulus of elasticity, E, and the coefficient of thermal 
expansion, , at elevated temperatures can be conveniently incorporated into the 
analysis by treating E and  as functions of temperature, that is, by changing the values 
of these properties as the temperature is increased during the analysis. The change in 
these properties with respect to temperature can be derived from various published 
studies, but the most common accepted criteria come from the Eurocode and AISC 
Specifications. The “Eurocode 3: Design of steel structures” was originally published in 
1993 and had subsequent revisions concerning material properties. The AISC 
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Specification for Structural Steel Buildings, which will be used in this study, was 
published in 2005 and has similar material property values as the Eurocode 3.  
 According to the AISC Specifications (2005), the coefficient of thermal 
expansion, , equals 1.22 x 10-5 / 0C up to the total temperature T  of 65 0C. For  T  > 
65 0C , the AISC specifies a constant value of =1.4 x 10-5 / 0C. However, in Section 
3.3.1 of the Eurocode 3, temperature-dependent equations are given to quantify the 
value of the coefficient of thermal expansion at any given temperature (see Table 4.3). 
Figure 4.7 illustrates the difference between the AISC constant value and the Eurocode 
variant values, for the coefficient of thermal expansion (data taken from Table 4.10). It 
can be seen that the Eurocode has values of  that range from a low of 1.22 x 10-5 / 0C 
to a high of 1.51 x 10-5 / 0C, with a maximum percentage difference value of 12%. The 
difference of coefficient of thermal expansion values between the two codes does not 
cause a significant change in the results of this study, and therefore, the AISC values 
were used in this study. The total temperature T , as given in the code, is for 
temperatures above 0 0C, while the temperature increase T is for temperatures above 
the ambient temperature of 20 0C. In this study, therefore, the numerical data is derived 
using temperatures above 20 0C. 
Table 4.3 Coefficient of Thermal Expansions Equations: EURCODE 3 
20 0C  T  750 0C   12106T
T  20 0C




4109T 2
T  20 0C




2.416104
T 20 0C




750 0C  T  860 0C   1.1102
T 20 0C




860 0C  T 1200 0C   2105T
T 20 0C




6.2103
T  20 0C




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 Temperature-dependent values for the modulus of elasticity E can also be found 
in both the Eurocode 3 and the AISC Specifications. These temperature based  
reduction factors were converted into temperature-dependent equations, which can be 
seen in Table 4.4 and Table 4.5.  
Table 4.4 Modulus of Elasticity Reduction Factors Equations: EURCODE 3 
 
k 1 20 0C  T 100 0C
k  0.001T 1.1 100 0C  T  500 0C
k  0.0029T  2.05 500 0C  T  600 0C
k  0.0018T 1.39 600 0C  T  700 0C
k  0.0004T 0.41 700 0C  T  800 0C
k  2.25104T 0.27 800 0C  T 1200 0C
 
 
 
Table 4.5 Modulus of Elasticity Reduction Factors Equations: AISC 
k 1 20 0C  T  930C
k  0.000909T 1.0837 930C  T  2040C
k  0.00107T 1.1185 2040C  T  316 0C
k  0.00096385T 1.0845 316 0C  T  399 0C
k  0.0010714T 1.1275 399 0C  T  4270C
k  0.001621T 1.3624 4270C  T  5380C
k  0.002432T 1.7986 5380C  T  649 0C
k  0.000991T  0.86315 649 0C  T  760 0C
k  0.00036036T  0.38387 760 0C  T  8710C
k  0.00018018T  0.2269 8710C  T  982 0C
k  0.00027027T  0.3154 982 0C  T 10930C
k  0.00018018T  0.2169 10930C  T 12040C
 
An illustration of these plotted values can be observed in Fig. 4.8 (data taken from Table 
4.11), showing the insignificant difference between AISC and Eurocode values. There is 
a small discrepancy in the reduction factors at an approximate temperature range 
between 500 0C to 750 0C, and a final reduction factor of zero at the maximum 
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temperature of 1200 0C. Interpolated values of the AISC specifications for the modulus 
of elasticity were therefore used in this study. 
 The numerical data used to plot Figures 4.4 through 4.6, pertaining to the axially 
restrained column, can be found in Tables 4.7 through 4.9, respectively.  
One-Story Frame 
Figure 4.9 shows a single-story frame that Rubert and Schaumann (1986) 
experimentally investigated, under external loads and fire conditions. In this test, the 
frame, under the external loads, was heated uniformly until failure. Chan and Chan 
(2001) numerically analyzed the same structure, utilizing a plastic hinge analysis 
method. In their study, Chan and Chan (2001) employed linearized expressions for the 
stability and bowing functions, and divided each of the three members of the frame into 
four elements to perform the analysis.  
The method presented herein illustrates the solutions of this one-story frame and 
are summarized in Figures 4.10-4.12. Of these, the solutions shown in Figs. 4.10 and 
4.11 were determined by modeling the frame with three elements, one for each 
member, whereas, the results depicted in Fig. 4.12 are based on a four-element model 
in which the right column is divided into two elements so that the deflection at its 
midheight, 3, can be computed. Also included in Figs. 4.10-4.12, for comparison 
purposes, are the experimental temperature-deformation curves measured by Rubert-
Schaumann (1986), as well as the analytical results reported by Chan and Chan (2001).  
As can be seen from Fig. 4.9, 1 is the deflection of the joint located at the top left 
column/beam connection. Figure 4.10 illustrates how the present analysis accurately 
predicts relatively close results to Rubert and Schaumann’s experimental data. The 
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deflections predicted by the present analysis exhibit relatively larger values at a given 
temperature, and overestimates the final deflection at failure. It can be seen, though, 
that the 3-element model presented herein is closer to the experimental results than 
Chan and Chan’s 12-element model.  
Fig. 4.11 illustrates the deflection 2, which is the joint located at the top right 
column/beam connection of Fig. 4.9. The numerical results obtained by the present 
analysis are relatively close to the experimental data, presenting slightly larger 
deflections at given temperatures. At an approximate temperature of 350 0C and below, 
the 3-element model yields nearly identical results to that of Chan and Chan’s 12-
element model, with slightly smaller results after this approximate temperature.  
As mentioned earlier, Fig. 4.12 illustrates midheight deflections based on the 
analysis of a 4-member, one-story frame. As in the previous Figure, at an approximate 
temperature of 350 0C and below, the present method yields nearly identical results to 
that of Chan and Chan’s 12-element model, and also slightly closer results to the 
experimental data. The present method, however, does overestimate the failure 
temperature of the frame and its corresponding deflection.  
From these illustrations it can be observed that the presented geometric 
formulation can accurately predict the response of various structures, with close 
agreement to experimental data. The present method also provides deformational 
responses that are significantly similar to other methods that use larger amount of 
elements to describe the structure. As was seen in the one-story frame results, the 
present formulation overestimates the failure temperature and deflections. This is in part 
due to the fact that the present method does not account for the effects of material 
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yielding, which will, however, be addressed in the upcoming chapter. The numerical 
data used to plot Figures 4.10-4.12 can be found in Tables 4.12-4.14, respectively. 
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CHAPTER 5 
INELASTIC EFFECTS AND INELASTIC RESULTS 
In this chapter, the feasibility of extending the geometrically nonlinear formulation 
developed in Chapter 2 is explored and some preliminary numerical results are 
presented. The material is assumed to be ideally elastic-plastic and yielding is 
considered to be concentrated at member ends in the form of plastic hinges. The 
deterioration in strength and stiffness of the members at elevated temperatures are 
taken into account and based off of the AISC Specifications of Structural Steel Buildings 
and Eurocode 3: Design of Steel Structures. The theoretical formulation for thermal 
inelastic analysis was derived by Kassimali, and is an extension of his formulation for 
joint loads published in Kassimali (1983).    
Material Reduction Factor 
 As was previously utilized in Chapter 4, the use of reduction factors for the 
degradation of strength and stiffness can be conveniently incorporated into the analyses 
of the various structures. In addition to the modulus of elasticity and the coefficient of 
thermal expansion reduction factors that were previously incorporated, a reduction 
factor for the yield strength, Fy, of a member is included in this chapter. As was the case 
for the modulus of elasticity, the reduction of the yield strength with respect to 
temperature can be derived from various published studies, with the most commonly 
accepted criteria stemming from the Eurocode 3 and the AISC 2005 specifications. The 
temperature based reduction factors from these respective specifications were 
converted into temperature-dependent equations, which can be seen in Table 5.1 and 
Table 5.2. 
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Table 5.1 Yield Strength Reduction Factors Equations: EURCODE 3 
 
k 1 20 0C  T  400 0C
k  0.0022T 1.88 400 0C  T  500 0C
k  0.0031T  2.33 500 0C  T  600 0C
k  0.0024T 1.91 600 0C  T  700 0C
k  0.0012T 1.07 700 0C  T  800 0C
k  0.0005T  0.51 800 0C  T  900 0C
k  0.0002T  0.24 900 0C  T 1200 0C
 
Table 5.2 Yield Strength Reduction Factors Equations: AISC 
k 1 20 0C  T  399 0C
k  0.002143T 1.855 399 0C  T  4270C
k  0.0025222T  2.017 4270C  T  5380C
k  0.0027927T  2.1625 5380C  T  649 0C
k  0.0017117T 1.469 649 0C  T  760 0C
k  0.00081081T  0.7762 760 0C  T  8710C
k  0.00027027T  0.3054 8710C  T  982 0C
k  0.00018018T  0.2169 982 0C  T 1204 0C
 
An illustration of these plotted values can be observed in Fig. 5.1 (numerical data used 
for this figure is listed in Table 5.6), showing the insignificant difference between the 
Eurocode and AISC values. Thus, the AISC yield strength reduction factors equations 
were used in this study. As can be seen in the figure and equations, elevated 
temperatures do not influence the yield strength until a temperature above 400 0C is 
reached. It can also be observed from Fig. 5.1 that between the temperature range of 
400 0C and 800 0C, there is a gradual, linear decrease in the value of the reduction 
factor k.  
 We have seen how Figure 5.1 illustrates the behavior of the yield strength 
reduction factor, according to the AISC and Eurocode 3 incremental temperature 
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ranges. For programming purposes, an attempt was made to simplify the different k 
factor equations into a single, universal equation that could be equally applied 
throughout all the temperature ranges. With the use of MATLAB, a numerical computing 
programming language developed by MathWorks, an analysis was performed on the 
AISC Yield Strength Reduction Factor-Temperature curve/data (Figure 5.1). With the 
use of MATLAB, “best-fit” polynomial equations were created in order to attempt to 
encompass the behavior or values of the k factors. Therefore, various polynomial 
equations were derived to the quadratic, cubic and quartic powers, as can be seen in 
the following Table.  
Table 5.3 Yield Strength Reduction Factor-Temperature Polynomials 
 
  
 
In order to better conceptualize the accuracy of these polynomials, the Yield 
Strength Reduction Factor-Temperature Curves were once again plotted, using the 
AISC incremental values, versus the polynomial equations. In these equations, the x 
value is the temperature and resulting y value is the k factor. The results shown in 
Figure 5.2 reveal that the higher the degree of the polynomial, the bigger the difference 
in the results. Thus, the cubic and quartic polynomials vary greatly from the 
“benchmark” (incremental table) values, while the quadratic polynomial is closer to the 
incremental table values. The quadratic polynomial, however, reaches a zero reduction 
factor at a lower temperature and then begins to increase again as the temperature 
increases, thus not accurately predicting the same values as the temperature 
incremental dependent equations.  
Quadratic y  2.5106 x2  0.0052x  2.7
Cubic y  8.71010 x3  4.5106 x2  0.0067x3
Quartic y   9.71012 x4 3.0108 x3 3.0105 x2  0.01x0.18
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MATLAB additionally has a “Center and Scale” option that refits the data by 
applying a normalization setting to the variables, which in turn improves the fit of the 
data. When using this function, though, it is best to normalize an axis in order to achieve 
better graphical representation. This was done by calculating the mean and standard 
deviation for the temperature values that are used in Figure 5.2, than subtracting the 
mean from each value and dividing this value by the standard deviations, as shown in 
the following equation  
x  Temperaturemean 
Standard Deviation
        (5.1) 
This new x variable is then used in the new polynomial equations that were derived 
when the Center and Scale function was used on the data from Figure 5.2. The 
polynomial equations that were derived were: 
Table 5.4 Yield Strength Reduction Factor-Temperature Polynomials  
      (Centered & Scaled) 
 
 
 
The results from these polynomials are shown in Figure 5.3, and as can be seen, the 
center and scale function enhance the graphical accuracy of the curves. The results are 
quite similar at lower temperatures, but begin to deviate at a temperature above 900 0C. 
The quadratic and cubic polynomials calculate a yield strength reduction factor (ky) 
lower than the AISC incremental values, albeit a very small difference. The quartic 
polynomial, on the other hand, calculates a higher ky value, as well as a small, negative 
value at 1200 0C. Ultimately, the centered and scaled polynomials exhibit results that 
are extremely close to the AISC incremental temperature values, but not thoroughly 
Quadratic y  0.1105x2  0.31086x  0.2118
Cubic y   0.0082853x3  0.11525x2 0.29219x 0.20754
Quartic y   0.019403x4 0.007066 x3  0.17625x2  0.31262x0.19073
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accurate. The numerical data used to plot Figures 5.2 and 5.3 can be found in Tables 
5.7 and 5.8, respectively.  
 An alternative method to obtaining a single, universal equation was utilized 
through the use of Microsoft Excel and the “Trendline” feature. Using the plotted AISC 
incremental temperature values, the trendline feature was used to develop a plotted line 
next to these values, as well as the corresponding polynomial to the 2nd degree. The 
polynomial came out to: 
y  2106 x2 0.0051x 2.6643       (5.2) 
and the resulting graph from these values can be seen in Figure 5.4. The quadratic  
trendline given by Excel exhibits results very similar to the incremental temperature 
values. It does, however, estimate lower values at high temperature ranges (900 0C -
1100 0C), as well as negative values within this temperature range.  
 Although the MATLAB Centered and Scaled polynomials, as well as the 
Microsoft Excel Trendline, exhibited results that were found to be in close agreement to 
the AISC incremental temperature values plot, they were not as accurate. Therefore, for 
the analyses performed in this study, the yield strength reduction factor was calculated 
according to the equations found in Table 5.2. Although a universal equation for the 
reduction factor (ky) throughout the entire temperature range would have been more 
efficient, the loss of accuracy would have diminished its benefit.  
NUMERICAL RESULTS 
 In order to evaluate the computational merits and limitations of the material 
nonlinear formulation, numerical solutions have been generated for two benchmark 
structures. 
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Simply Supported Beam 
Rubert and Schaumann’s aforementioned paper of experimental results also 
contained an analysis performed on a simply supported I-beam (IPE-80). The structure 
can be seen in Figure 5.5 and has the following dimensions and properties: 
Table 5.5 Simply Supported Column: dimensions and properties 
Length (L1) 570 mm 
Length (L2) 570 mm 
Depth (d) 80 mm 
Area (A) 764 mm2  
Moment of Inertia (I) 8.014 (105) mm4   
Yield Strength (fy) 0.401 kN/mm2  
Modulus of Elasticity (E) 210 kN/mm2  
Coefficient of Thermal Expansion () 1.2 (10‐5)/ 0C  
 
In this study, the length of the original member from the experiment is divided into two 
equal member lengths, in order to apply the point load at the end and beginning joints, 
respectively, of members 1 (L1) and 2 (L2). The original experimental results were 
performed using various load utilization factors, which represent the ratio of actual load-
to-ultimate load bearing capacity at normal temperatures (Rubert and Schaumann, 
1986). For this study, though, only the experimental results from the load utilization 
factor of 0.2 were used.  
 The analyses developed in this chapter consisted of two models, one with a 
reduction in material properties and a additional one that contains the reduction in 
material properties as well as the development of plastic hinges, otherwise known as 
the plastic hinge model. As illustrated in Figure 5.6 (numerical data used to plot this 
figure can be found in Tables 5.9), the results from the two models presented in this 
paper compared fairly well to Rubert and Schaumann’s experimental results. The center 
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joint deflections predicted by the present analyses were found to be in close agreement 
to the experimental deflections, up to a temperature of around 650 0C. Beyond this 
temperature, the experimental deflection dramatically increases as the temperature 
increases, while the present analyses deflections stay much smaller. The deflection at 
the failure temperature of 740 0C for the experimental results is 40 mm, while the plastic 
hinge model failure deflection at that exact temperature is around 9mm. The material 
reduction model, which does not contain plastic hinges, has a higher failure temperature 
and deflection value than the plastic hinge model.  
 Also of note in Figure 5.6 is the dashed vertical line at a respective temperature 
value. This vertical line represents the theoretical temperature failure of the simply 
supported beam and was calculated by first finding the maximum moment of the beam, 
and using that moment in the following equation:  
Mp  Fyky Zx           (5.3) 
Solving for the ky factor, which resulted in a value of 0.2, the AISC Table A-4.2.1 was 
used to determine the temperature range of where this value falls into. The yield 
strength reduction factor was thus determined to fall in between the temperature range 
of 649 0C to 760 0C. Applying the corresponding ky equation from Table 5.2 and solving 
for the temperature T, the theoretical failure temperature of 736 0C was determined. 
This value corresponds to the predicted failure temperature of the plastic hinge model, 
and is in close proximity to Rubert and Schaumann’s experimental value of 740 0C.  
One-Story Frame 
As was previously analyzed in Chapter 4, Rubert and Schaumann’s paper 
included a one-story frame that was experimentally investigated under external loads 
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and fire conditions. The illustration in Figure 4.9 shows the dimensions of the individual 
members and the applied loads. As was also included in the geometric nonlinear 
analysis of this study, Chan and Chan numerically analyzed the same structure, also 
utilizing a plastic hinge analysis method. Thus, in the upcoming figures, a comparison of 
Rubert and Schaumann’s experimental data, with Chan and Chan’s numerical data, will 
be presented in conjunction with this study’s material reduction model and material 
reduction with plastic hinges model.  
Figures 5.7 and 5.8 illustrate the behavior of 1, the deflection of the joint located 
at the top left column/beam connection. Figure 5.7 shows the results of all four 
analyses/models, as well as a dashed line that represents the formation of the first 
theoretical plastic hinge, at a temperature of 546 0C. It can be seen from this figure that 
the material reduction model presented herein predicts a larger deflection before failure, 
at a higher temperature as well. The material reduction, plastic hinge model predicts a 
smaller deflection after the first plastic hinge, and likewise fails at a higher temperature. 
The plastic hinge model also demonstrates instability with a negative deflection value, 
meaning the deflection is in the opposite direction. Figure 5.8 is a closer examination 
into the results of 1, concentrating on the failure temperature, with the omission of the 
larger deflections and temperatures found in Figure 5.7. From this closer assessment, it 
can be seen that Chan and Chan’s study overestimates the deflection at a given 
temperature, while the current study predicts deflections in closer agreement to the 
experimental results. After the formation of the first plastic hinge, in the material 
reduction, plastic hinge model, it can be seen that the deflection begins to decrease, 
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eventually returning to it’s original zero value and then increasing in negative value up 
to failure (latter portion seen in Figure 5.7).  
Figure 5.9 illustrates the results of 2, which is the joint located at the top right 
column/beam connection, under the analyses of the same four models. Evaluating the 
present analyses, the material reduction model exhibits a large deformation before 
failure, as opposed to the material reduction, plastic hinge model, which exhibits a 
decreasing deflection after the first plastic hinge and then negative deflection before 
failure. Figure 5.10 omits the larger deflection values in order to better observe the 
results prior to the large deflections. Upon this closer inspection, it can be seen that the 
results from the present study are closer to the experimental results than Chan and 
Chan’s study, at a respective temperature, up to roughly the experimental failure 
temperature. Once the first plastic hinge forms in the material reduction, plastic hinge 
model (at 546 0C), the deflection of 2 begins to decrease to zero and eventually into the 
negative range.  
As was the case in Chapter 4, the deflections of 1 and 2 were based on a 3-
member, one-story frame. In order to obtain the deflection of 3, which is at midheight of 
the right hand column, the member had to be split up into two members, as was also 
implemented in Chapter 4. Accordingly, then, the 3-member frame becomes a 4-
member frame, with the third joint at midheight of the right hand column. Applying the 
same aforementioned loads and heating rates, the resulting deflections can be seen in 
Figures 5.11 and 5.12. Figure 5.11 exhibits the typical behavior for 3 as was seen in 
the previous figures for 1 and 2. The material reduction model from the present 
analysis shows a large deformation prior to failure and the material reduction, plastic 
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hinge model from the present analysis shows a negative deflection prior to failure. 
Figure 5.12 offers a closer look into the results of the four models, with the omission of 
the large deflection values. From this closer inspection, it can be seen that up to the 
experimental failure, the results from the present study are closer to the experimental 
results than Chan and Chan’s study. After the experimental failure the material 
reduction model predicts a larger deflection, of about 400mm, up to the model’s failure. 
The material reduction plastic hinge model, however, predicts a decreasing value of 
deflection, after the formation of the first plastic hinge, and ultimately fails at a small 
negative deflection value.  
As was previously mentioned, concerning, Figures 5.7 through 5.12, the material 
reduction, plastic hinge model shows the first plastic hinge occurring at a temperature of 
546 0C. This plastic hinge occurs at the joint that connects the horizontal member 
(beam) to the vertical member (right hand column), which pertains to member 3 of the 
frame. The plastic hinge occurs due to the increasing moment of the member exceeding 
the plastic moment capacity of the member, which is at a lower capacity due to the 
reduction of the yield strength. As was noted in these figures, once this plastic hinge is 
formed, the behavior of the frame begins to deflect back to its original position, and then 
continuously deflecting in the negative direction up until failure. The numerical data 
used to plot Figures 5.7 through 5.12 can be found in Tables 5.10 through 5.12, 
respectively. 
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CHAPTER 6 
SUMMARY, CONCLUSION and RECOMMENDATIONS 
SUMMARY 
In this study, a procedure for the large displacement and stability of elastic and 
inelastic plane frames subjected to temperature changes is presented. The method of 
analysis is based on a Eulerian (corotational) formulation, which was developed initially 
for static, and was extended herein to include thermal effects. Local element force-
deformation relationships are derived using the beam-column theory, taking into 
consideration the effect of curvature due to the temperature gradient across the element 
cross section. The changes in element chord lengths due to thermal axial strain and 
bowing due to temperature gradient were also taken into account. The elements are 
assumed to be straight, prismatic and may be subjected to uniform temperature 
changes along their lengths. Any external loads must be configuration independent, 
applied only at the joints of the structure. The material is assumed to be ideally elastic-
plastic, and yielding is considered to be concentrated at member ends in the form of 
plastic hinges.  
The computational technique is based on an incremental load approach with a 
Newton-Raphson type of iteration performed at each load level to satisfy the joint 
equilibrium equations and ultimately determine the nonlinear response of the structures. 
Numerical studies are presented for a number of benchmark structures to 
demonstrate the feasibility of the proposed method of analysis. 
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CONCLUSION 
Judging from the numerical solutions presented herein, the following conclusions can be 
made: 
1. The geometric nonlinear analysis procedure can be expected to accurately 
predict the response of elastic framed structures in the large deformation range, 
even when the structures are modeled with only one element per member. 
2. The geometric nonlinear analysis procedure can also be used to analyze slender 
elastic frames, susceptible to instability, and/or large displacements, under 
thermal effects.  
3. The AISC and Eurocode 3 reduction factors for the modulus of elasticity were 
found to be in close agreement, as opposed to the coefficient of thermal 
expansion reduction factors, in which AISC assumes a constant value while the 
Eurocode 3 has variant equations, dependent on the temperature range.  
The feasibility of extending the method of analysis to include the effects of material 
nonlinearity is also explored, and some preliminary results are presented for an 
experimentally tested simply supported beam and the aforementioned one-story frame. 
The solutions generated for these structures indicate that the present analysis 
accurately predicts the deflections at lower temperatures but overestimates the failure 
temperature and final deflection. This may be in part due to a post-buckling reaction 
after the first plastic hinge is formed. Additional research is, therefore, needed before 
this method can be used to analyze the materially nonlinear (inelastic) response of 
structures.  
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RECOMMENDATIONS 
Additional numerical studies on larger frames and structures should be 
conducted in order to further assess the computational merits and limitations of the 
analytical procedure. Large frames or structures that can have the formation of multiple 
plastic hinges before failure would be beneficial, in order to better conceptualize the 
behavior of the structure and the pattern of the formation of plastic hinges. Comparison 
to other “beam-column” methods would be useful as well, in order to examine the 
similarities and differences between the methods. Evaluation against finite element 
methods would likewise provide valuable insight, presenting the opportunity to evaluate 
the feasibility and practicality of the proposed method.  
 
 
Table 4.6
Cantilever beam: Temperature-deflection curves data
0 0 0 0 0 0 0
60 2.2422E-01 8.9814E+00 2.2419E-01 8.9814E+00 2.2414E-01 8.9814E+00
120 8.9612E-01 1.7938E+01 8.9597E-01 1.7938E+01 8.9581E-01 1.7938E+01
180 2.0134E+00 2.6844E+01 2.0136E+00 2.6844E+01 2.0128E+00 2.6844E+01
240 3.5724E+00 3.5674E+01 3.5732E+00 3.5674E+01 3.5725E+00 3.5674E+01
300 5.5678E+00 4.4406E+01 5.5701E+00 4.4405E+01 5.5672E+00 4.4406E+01
360 7.9930E+00 5.3013E+01 7.9971E+00 5.3012E+01 7.9932E+00 5.3013E+01
420 1.0840E+01 6.1472E+01 1.0848E+01 6.1470E+01 1.0840E+01 6.1472E+01
480 1.4099E+01 6.9761E+01 1.4113E+01 6.9756E+01 1.4099E+01 6.9760E+01
540 1.7759E+01 7.7856E+01 1.7783E+01 7.7847E+01 1.7760E+01 7.7855E+01
600 2.1808E+01 8.5735E+01 2.1844E+01 8.5721E+01 2.1810E+01 8.5734E+01
660 2.6232E+01 9.3378E+01 2.6284E+01 9.3355E+01 2.6235E+01 9.3377E+01
720 3.1017E+01 1.0076E+02 3.1090E+01 1.0073E+02 3.1022E+01 1.0076E+02
780 3.6148E+01 1.0788E+02 3.6246E+01 1.0782E+02 3.6153E+01 1.0787E+02
840 4.1606E+01 1.1469E+02 4.1735E+01 1.1462E+02 4.1613E+01 1.1469E+02
900 4.7374E+01 1.2120E+02 4.7541E+01 1.2109E+02 4.7384E+01 1.2119E+02
960 5.3433E+01 1.2737E+02 5.3644E+01 1.2723E+02 5.3446E+01 1.2737E+02
1020 5.9764E+01 1.3321E+02 6.0021E+01 1.3302E+02 5.9779E+01 1.3320E+02
1080 6.6345E+01 1.3869E+02 6.6660E+01 1.3844E+02 6.6363E+01 1.3868E+02
1140 7.3155E+01 1.4380E+02 7.3535E+01 1.4348E+02 7.3178E+01 1.4378E+02
1200 8.0173E+01 1.4854E+02 8.0624E+01 1.4812E+02 8.0199E+01 1.4851E+02
1260 8.7375E+01 1.5288E+02 8.7905E+01 1.5235E+02 8.7406E+01 1.5285E+02
1320 9.4739E+01 1.5683E+02 9.5353E+01 1.5617E+02 9.4775E+01 1.5679E+02
1380 1.0224E+02 1.6038E+02 1.0294E+02 1.5956E+02 1.0228E+02 1.6033E+02
1440 1.0986E+02 1.6351E+02 1.1065E+02 1.6252E+02 1.0990E+02 1.6346E+02
1500 1.1757E+02 1.6624E+02 1.1846E+02 1.6503E+02 1.1762E+02 1.6617E+02
1560 1.2534E+02 1.6855E+02 1.2633E+02 1.6710E+02 1.2540E+02 1.6847E+02
1620 1.3316E+02 1.7045E+02 1.3424E+02 1.6872E+02 1.3322E+02 1.7035E+02
1680 1.4100E+02 1.7193E+02 1.4217E+02 1.6989E+02 1.4106E+02 1.7181E+02
1740 1.4883E+02 1.7299E+02 1.5009E+02 1.7060E+02 1.4890E+02 1.7286E+02
1800 1.5663E+02 1.7365E+02 1.5797E+02 1.7087E+02 1.5670E+02 1.7350E+02
1860 1.6438E+02 1.7390E+02 1.6578E+02 1.7068E+02 1.6446E+02 1.7373E+02
1920 1.7206E+02 1.7376E+02 1.7351E+02 1.7006E+02 1.7214E+02 1.7356E+02
1980 1.7964E+02 1.7322E+02 1.8112E+02 1.6899E+02 1.7972E+02 1.7300E+02
2040 1.8711E+02 1.7230E+02 1.8859E+02 1.6749E+02 1.8719E+02 1.7205E+02
2100 1.9444E+02 1.7101E+02 1.9589E+02 1.6555E+02 1.9451E+02 1.7073E+02
2160 2.0160E+02 1.6936E+02 2.0300E+02 1.6321E+02 2.0167E+02 1.6905E+02
2220 2.0859E+02 1.6736E+02 2.0989E+02 1.6045E+02 2.0866E+02 1.6701E+02
2280 2.1538E+02 1.6502E+02 2.1653E+02 1.5731E+02 2.1544E+02 1.6464E+02
2340 2.2196E+02 1.6236E+02 2.2292E+02 1.5378E+02 2.2201E+02 1.6195E+02
2400 2.2831E+02 1.5940E+02 2.2901E+02 1.4989E+02 2.2834E+02 1.5895E+02
2460 2.3441E+02 1.5615E+02 2.3479E+02 1.4566E+02 2.3443E+02 1.5566E+02
2520 2.4026E+02 1.5262E+02 2.4024E+02 1.4110E+02 2.4026E+02 1.5209E+02
2580 2.4583E+02 1.4885E+02 2.4533E+02 1.3623E+02 2.4581E+02 1.4828E+02
2640 2.5111E+02 1.4484E+02 2.5005E+02 1.3107E+02 2.5107E+02 1.4423E+02
2700 2.5610E+02 1.4061E+02 2.5439E+02 1.2564E+02 2.5603E+02 1.3996E+02
Temperature      
( 0F )
1 Element Model 2 Element ModelExact Solution
Horizontal 
Deflection 
(in)
Vertical 
Deflection    
(in)
Horizontal 
Deflection 
(in)
Vertical 
Deflection    
(in)
Horizontal 
Deflection (in)
Vertical 
Deflection    
(in)
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Table 4.6 (continued)
Cantilever beam: Temperature-deflection curves data
2760 2.6078E+02 1.3618E+02 2.5831E+02 1.1997E+02 2.6068E+02 1.3549E+02
2820 2.6515E+02 1.3158E+02 2.6181E+02 1.1408E+02 2.6502E+02 1.3085E+02
2880 2.6920E+02 1.2682E+02 2.6487E+02 1.0799E+02 2.6903E+02 1.2605E+02
2940 2.7293E+02 1.2193E+02 2.6747E+02 1.0173E+02 2.7271E+02 1.2112E+02
3000 2.7632E+02 1.1692E+02 2.6962E+02 9.5334E+01 2.7606E+02 1.1607E+02
Exact Solution 1 Element Model 2 Element Model
Vertical 
Deflection    
(in)
Temperature      
( 0F )
Horizontal 
Deflection (in)
Vertical 
Deflection    
(in)
Horizontal 
Deflection 
(in)
Vertical 
Deflection    
(in)
Horizontal 
Deflection 
(in)
50
Table 4.7
Axially restrained column: Determinant-temperature curves data
0 3.4669E+09 3.4669E+09 3.4669E+09
5 3.3573E+09 3.3573E+09 3.3573E+09
10 3.2428E+09 3.2448E+09 3.2448E+09
15 3.1293E+09 3.1293E+09 3.1294E+09
20 3.0106E+09 3.0106E+09 3.0109E+09
25 2.8885E+09 2.8885E+09 2.8889E+09
30 2.7627E+09 2.7628E+09 2.7635E+09
35 2.6330E+09 2.6331E+09 2.6342E+09
40 2.4991E+09 2.4991E+09 2.5009E+09
45 2.3605E+09 2.3606E+09 2.3635E+09
50 2.2171E+09 2.2172E+09 2.2212E+09
55 2.0683E+09 2.0685E+09 2.0744E+09
60 1.9136E+09 1.9140E+09 1.9228E+09
65 1.7526E+09 1.7532E+09 1.7664E+09
70 1.5846E+09 1.5855E+09 1.6057E+09
75 1.4090E+09 1.4104E+09 1.4440E+09
80 1.2250E+09 1.2272E+09 1.2818E+09
85 1.0315E+09 1.0354E+09 1.1278E+09
90 8.2768E+08 8.3506E+08 9.9833E+08
95 6.1216E+08 6.2866E+08 9.2849E+08
100 3.8352E+08 4.3685E+08 9.4829E+08
105 1.4003E+08 3.6292E+08 1.0828E+09
110 -1.2038E+08 5.8258E+08 1.2975E+09
115 -4.0020E+08 9.2871E+08 1.5507E+09
120 -7.0247E+08 1.2759E+09 1.8088E+09
Temperature      
( 0C )
Determinant       
e = 0
Determinant      
e = 0.02
Determinant       
e = 0.10
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Table 4.8
Axially restrained column: Temperature-rotation curves data
0 0.0000E+00 0.0000E+00 0.0000E+00
25 1.9511E-04 9.7552E-04 9.7554E-04
50 5.0839E-04 2.5405E-03 2.5411E-03
75 1.1996E-03 5.9504E-03 5.9701E-03
100 5.6164E-03 1.9386E-02 2.1032E-02
125 3.7746E-02 4.3887E-02 5.2563E-02
150 5.7378E-02 6.1888E-02 7.5033E-02
175 7.1938E-02 7.6102E-02 9.2596E-02
200 8.4053E-02 8.8192E-02 1.0746E-01
225 9.4660E-02 9.8896E-02 1.2059E-01
250 1.0418E-01 1.0862E-01 1.3248E-01
275 1.1291E-01 1.1753E-01 1.4343E-01
300 1.2104E-01 1.2588E-01 1.5364E-01
325 1.2867E-01 1.3373E-01 1.6324E-01
350 1.3583E-01 1.4118E-01 1.7233E-01
375 1.4267E-01 1.4830E-01 1.8099E-01
400 1.4920E-01 1.5505E-01 1.8927E-01
425 1.5548E-01 1.6158E-01 1.9723E-01
450 1.6147E-01 1.6787E-01 2.0489E-01
475 1.6727E-01 1.7395E-01 2.1230E-01
500 1.7289E-01 1.7985E-01 2.1947E-01
525 1.7836E-01 1.8558E-01 2.2643E-01
550 1.8361E-01 1.9116E-01 2.3320E-01
575 1.8874E-01 1.9653E-01 2.3979E-01
600 1.9376E-01 2.0181E-01 2.4621E-01
625 1.9862E-01 2.0697E-01 2.5249E-01
650 2.0339E-01 2.1202E-01 2.5862E-01
675 2.0808E-01 2.1696E-01 2.6462E-01
700 2.1261E-01 2.2181E-01 2.7050E-01
725 2.1709E-01 2.2657E-01 2.7626E-01
750 2.2145E-01 2.3125E-01 2.8193E-01
775 2.2580E-01 2.3585E-01 2.8748E-01
800 2.2999E-01 2.4028E-01 2.9293E-01
Temperature      
( 0C )
1 Member 
Rotation             
e = 0.02
1 Member 
Rotation             
e = 0.10
2 Member 
Rotation              
e = 0.10 (bowing 
negelcted)
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Table 4.9
Axially restrained column: Temperature-midspan deflection curves data
0 0.0000E+00 0.0000E+00 0.0000E+00
25 2.9795E-01 1.4896E+00 1.4897E+00
50 8.7741E-01 4.3833E+00 4.3851E+00
75 2.3956E+00 1.1861E+01 1.1909E+01
100 1.3390E+01 4.4878E+01 4.8979E+01
125 9.5175E+01 1.0613E+02 1.2817E+02
150 1.4505E+02 1.5090E+02 1.8434E+02
175 1.8204E+02 1.8604E+02 2.2802E+02
200 2.1275E+02 2.1575E+02 2.6484E+02
225 2.3959E+02 2.4191E+02 2.9724E+02
250 2.6373E+02 2.6554E+02 3.2649E+02
275 2.8575E+02 2.8714E+02 3.5335E+02
300 3.0627E+02 3.0730E+02 3.7834E+02
325 3.2551E+02 3.2621E+02 4.0178E+02
350 3.4368E+02 3.4408E+02 4.2394E+02
375 3.6094E+02 3.6106E+02 4.4501E+02
400 3.7741E+02 3.7727E+02 4.6513E+02
425 3.9320E+02 3.9281E+02 4.8442E+02
450 4.0839E+02 4.0774E+02 5.0297E+02
475 4.2303E+02 4.2215E+02 5.2087E+02
500 4.3718E+02 4.3607E+02 5.3818E+02
525 4.5090E+02 4.4956E+02 5.5495E+02
550 4.6422E+02 4.6265E+02 5.7124E+02
575 4.7716E+02 4.7537E+02 5.8708E+02
600 4.8977E+02 4.8738E+02 6.0250E+02
625 5.0207E+02 4.9984E+02 6.1755E+02
650 5.1407E+02 5.1163E+02 6.3224E+02
675 5.2581E+02 5.2315E+02 6.4660E+02
700 5.3729E+02 5.3442E+02 6.6065E+02
725 5.4853E+02 5.4545E+02 6.7442E+02
750 5.5955E+02 5.5626E+02 6.8791E+02
775 5.7036E+02 5.6686E+02 7.0114E+02
800 5.8098E+02 5.7727E+02 7.1414E+02
Temperature      
( 0C )
2 Member 
Deflection             
e = 0.02
2 Member 
Deflection             
e = 0.10
2 Member 
Deflection              
e = 0.10   
(bowing 
neglected)
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Table 4.10
Coefficient of Thermal expansion versus temperature data
AISC EUROCODE 3
21 1.40E-05 1.22E-05
50 1.40E-05 1.23E-05
100 1.40E-05 1.25E-05
150 1.40E-05 1.27E-05
200 1.40E-05 1.29E-05
250 1.40E-05 1.31E-05
300 1.40E-05 1.33E-05
350 1.40E-05 1.35E-05
400 1.40E-05 1.37E-05
450 1.40E-05 1.39E-05
500 1.40E-05 1.41E-05
550 1.40E-05 1.43E-05
600 1.40E-05 1.45E-05
650 1.40E-05 1.47E-05
700 1.40E-05 1.49E-05
750 1.40E-05 1.51E-05
800 1.40E-05 1.41E-05
850 1.40E-05 1.33E-05
900 1.40E-05 1.34E-05
950 1.40E-05 1.38E-05
1000 1.40E-05 1.41E-05
1050 1.40E-05 1.44E-05
1100 1.40E-05 1.46E-05
1150 1.40E-05 1.49E-05
1200 1.40E-05 1.51E-05
Temperature      
( 0C )
Coefficient of Thermal Expansion
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Table 4.11
Modulus of elasticity reduction factors EUROCODE 3 and AISC data
EUROCODE 3 AISC
20 1 1
40 1 1
80 1 1.00
93 1 1.00
100 1 0.99
150 0.95 0.95
200 0.90 0.90
204 0.90 0.90
250 0.85 0.85
300 0.80 0.80
316 0.78 0.78
350 0.75 0.75
399 0.70 0.70
400 0.70 0.70
427 0.67 0.67
450 0.65 0.63
500 0.60 0.55
538 0.56 0.49
580 0.37 0.39
600 0.31 0.34
649 0.22 0.22
650 0.22 0.22
690 0.15 0.18
700 0.13 0.17
714 0.12 0.16
760 0.11 0.11
780 0.10 0.10
800 0.09 0.10
820 0.09 0.09
840 0.08 0.08
850 0.08 0.08
860 0.08 0.07
871 0.07 0.07
880 0.07 0.07
900 0.07 0.06
950 0.06 0.06
982 0.05 0.05
1000 0.05 0.05
1093 0.02 0.02
1100 0.02 0.02
1200 0.00 0.00
1204 0.00 0.00
Temperature      
( 0C )
Modulus of Elasticity        
Reduction Factor
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Table 4.12
One-story frame: Temperature-deflection curve data (δ1)
0 0.0000E+00 0.0000E+00 0.0000E+00
18 8.5000E+00
20 8.5712E+00
40 8.4357E+00
50 8.5000E+00 8.8000E+00
60 8.3002E+00
75 8.0000E+00
80 8.0970E+00
100 8.0000E+00 8.0177E+00 9.0000E+00
120 7.9000E+00 8.0904E+00
140 8.1764E+00
150 7.9000E+00 9.0000E+00
160 8.2771E+00
175 7.9000E+00
180 8.3935E+00
200 8.5273E+00 9.0000E+00
205 7.9000E+00
220 8.7223E+00
237 7.9000E+00
240 8.9629E+00
250 9.4000E+00
260 9.2361E+00
267 7.5000E+00
280 9.5462E+00
289 7.9000E+00
300 9.8979E+00
320 1.0298E+01
322 8.2000E+00 1.0500E+01
334 8.5000E+00
340 1.0688E+01
350 1.1500E+01
353 9.1000E+00
360 1.1129E+01
375 9.5000E+00
380 1.1626E+01
394 1.0000E+01
400 1.2189E+01 1.4500E+01
417 1.0500E+01
420 1.2919E+01
432 1.7200E+01
440 1.1200E+01 1.4101E+01
450 2.0500E+01
460 1.5770E+01 2.3000E+01
464 1.2100E+01
470 2.8000E+01
475 1.4000E+01 3.4500E+01
480 1.7861E+01
Temperature      
( 0C )
Experimental Results    
(Rubert and 
Schaumann, 1986)
Present Analysis 
(3 element 
model)
Chan and Chan, 
2001 (12 
element model)
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Table 4.12 (continued)
One-story frame: Temperature-deflection curve data (δ1)
483 1.6000E+01
500 2.0000E+01 2.0537E+01
504 2.4500E+01
520 2.4061E+01
540 2.9189E+01
560 4.1125E+01
580 6.6546E+01
Temperature      
( 0C )
Experimental Results    
(Rubert and 
Schaumann, 1986)
Present Analysis 
(3 element 
model)
Chan and Chan, 
2001 (12 
element model)
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Table 4.13
One-story frame: Temperature-deflection curve data (δ2)
0 0.0000E+00 0.0000E+00 0.0000E+00
18 9.0000E+00
20 8.5802E+00
30 8.9000E+00
40 8.7374E+00
50 9.2000E+00
60 8.8946E+00
75 9.5000E+00
80 9.1305E+00
100 9.6000E+00 9.3928E+00 9.5000E+00
118 9.8000E+00
120 9.8071E+00
140 1.0235E+01
150 1.0000E+01 1.0500E+01
160 1.0677E+01
175 1.0200E+01
180 1.1135E+01
200 1.1611E+01 1.1800E+01
205 1.0800E+01
220 1.2147E+01
237 1.1500E+01
240 1.2730E+01
250 1.3000E+01
260 1.3345E+01
267 1.2000E+01
280 1.3996E+01
289 1.2200E+01
300 1.4690E+01
320 1.5431E+01
322 1.3500E+01 1.5500E+01
334 1.4000E+01
340 1.6164E+01
350 1.5100E+01 1.7000E+01
353
360 1.6946E+01
375 1.6000E+01
380 1.7785E+01
394 1.6800E+01
400 1.8690E+01 2.1000E+01
417 1.8000E+01
420 1.9762E+01
432 2.4000E+01
440 1.9600E+01 2.1285E+01
450 2.8000E+01
460 2.3296E+01 3.0500E+01
464 2.2000E+01
470 3.5200E+01
Temperature      
( 0C )
Experimental Results    
(Rubert and 
Schaumann, 1986)
Present Analysis 
(3 element 
model)
Chan and Chan, 
2001 (12 
element model)
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Table 4.13 (continued)
One-story frame: Temperature-deflection curve data (δ2)
475 2.3500E+01 4.2200E+01
480 2.5729E+01
483 2.5300E+01
500 3.0000E+01 2.8747E+01
504 3.7100E+00
520 3.2613E+01
540 3.8082E+01
560 5.0356E+01
580 7.6103E+01
Temperature      
( 0C )
Experimental Results    
(Rubert and 
Schaumann, 1986)
Present Analysis 
(3 element 
model)
Chan and Chan, 
2001 (12 
element model)
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Table 4.14
One-story frame: Temperature-deflection curve data (δ3)
0 0.0000E+00 0.0000E+00 0.0000E+00
18 4.9000E+00 5.2000E+00
20 5.3786E+00
40 5.4695E+00
50 5.0000E+00 5.8000E+00
60 5.5605E+00
75 5.2000E+00
80 5.6969E+00
100 5.3000E+00 5.8527E+00 6.0000E+00
118
120 5.5000E+00 6.1043E+00
140 6.3644E+00
150 6.0000E+00 6.8000E+00
160 6.6337E+00
175 6.0000E+00
180 6.9131E+00
200 7.2034E+00 7.2000E+00
205 6.4000E+00
220 7.5325E+00
237 6.6000E+00
240 7.8903E+00
250 8.2000E+00
260 8.2689E+00
267 7.0000E+00
280 8.6709E+00
289 7.1000E+00
300 9.0993E+00
320 9.5582E+00
322 7.2000E+00 9.8000E+00
334 7.6000E+00
340 1.0011E+01
350 1.0800E+01
353 8.0000E+00
360 1.0496E+01
380 1.1017E+01
394 9.1000E+00
400 1.1580E+01 1.3000E+01
417 9.8000E+00
420 1.2249E+01
432 1.5000E+01
440 1.0000E+01 1.3204E+01
450 1.7000E+01
460 1.4469E+01 1.9000E+01
464 1.1100E+01
470 2.2000E+01
475 1.2000E+01 2.6000E+01
480 1.6002E+01
Temperature      
( 0C )
Experimental Results    
(Rubert and 
Schaumann, 1986)
Present Analysis 
(4 element 
model)
Chan and Chan, 
2001 (12 
element model)
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Table 4.14 (continued)
One-story frame: Temperature-deflection curve data (δ3)
483 1.3000E+01
500 1.6000E+01 1.7909E+01
504 1.8000E+01
520 2.0356E+01
540 2.3827E+01
560 3.1645E+01
580 4.8115E+01
Temperature      
( 0C )
Experimental Results    
(Rubert and 
Schaumann, 1986)
Present Analysis 
(4 element 
model)
Chan and Chan, 
2001 (12 
element model)
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Table 5.6
Yield strength reduction factor-temperature curves according to AISC and EC3 data
EUROCODE 3 AISC
20 1 1
40 1 1
80 1 1.00
93 1 1.00
100 1 1.00
150 1.00 1.00
200 1.00 1.00
204 1.00 1.00
250 1.00 1.00
300 1.00 1.00
316 1.00 1.00
350 1.00 1.00
399 1.00 1.00
400 1.00 1.00
427 0.94 0.94
450 0.89 0.88
500 0.78 0.76
538 0.66 0.66
580 0.53 0.54
600 0.47 0.49
649 0.35 0.35
650 0.35 0.35
690 0.25 0.28
700 0.23 0.26
714 0.21 0.24
760 0.16 0.16
780 0.13 0.14
800 0.11 0.13
820 0.10 0.11
840 0.09 0.10
850 0.09 0.09
860 0.08 0.08
871 0.07 0.07
880 0.07 0.07
900 0.06 0.06
950 0.05 0.05
982 0.04 0.04
1000 0.04 0.04
1093 0.02 0.02
1100 0.02 0.02
1200 0.00 0.00
1204 -0.000800 -0.000037
Temperature      
( 0C )
Modulus of Elasticity        
Reduction Factor
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Table 5.7
Yield strength reduction factor-temperature curves using MATLAB analysis data
Reduction 
Factor Value
AISC Quadratic Cubic Quartic
20 1.00 1.00 1.00 1.00
350 1.00 1.00 1.00 1.00
399 1.00 1.02 0.99 1.05
400 1.00 1.02 0.98 1.05
427 0.94 0.94 0.89 0.99
450 0.88 0.87 0.82 0.94
500 0.76 0.73 0.67 0.82
538 0.66 0.63 0.56 0.74
550 0.63 0.60 0.53 0.71
600 0.49 0.48 0.41 0.60
649 0.35 0.38 0.31 0.51
650 0.35 0.38 0.31 0.51
690 0.28 0.30 0.23 0.45
700 0.26 0.29 0.22 0.44
750 0.18 0.21 0.14 0.39
760 0.16 0.19 0.13 0.39
780 0.14 0.17 0.10 0.37
800 0.13 0.14 0.07 0.37
820 0.11 0.12 0.05 0.36
840 0.10 0.10 0.03 0.36
850 0.09 0.09 0.02 0.37
860 0.08 0.08 0.01 0.37
871 0.07 0.07 0.00 0.37
880 0.07 0.06 0.00 0.38
900 0.06 0.05 -0.02 0.39
950 0.05 0.02 -0.05 0.43
982 0.04 0.00 -0.06 0.46
1000 0.04 0.00 -0.07 0.48
1100 0.02 0.01 -0.08 0.61
1190 0.00 0.05 -0.07 0.70
1200 0.00 0.06 -0.06 0.71
Temperature      
( 0C )
Reduction Factor Polynomial Value
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Table 5.8
Yield strength reduction factor-temperature curves using MATLAB analysis data
(centered and scaled)
Reduction 
Factor Value
AISC Quadratic Cubic Quartic
20 1.00 1.00 1.00 1.00
350 1.00 1.00 1.00 1.00
399 1.00 1.02 1.03 1.01
400 1.00 1.02 1.03 1.00
427 0.94 0.93 0.94 0.94
450 0.88 0.86 0.87 0.88
500 0.76 0.72 0.72 0.75
538 0.66 0.62 0.61 0.64
550 0.63 0.60 0.58 0.61
600 0.49 0.48 0.47 0.48
649 0.35 0.38 0.37 0.37
650 0.35 0.38 0.37 0.37
690 0.28 0.30 0.29 0.29
700 0.26 0.29 0.28 0.27
750 0.18 0.21 0.20 0.19
760 0.16 0.19 0.19 0.17
780 0.14 0.17 0.16 0.15
800 0.13 0.14 0.14 0.12
820 0.11 0.12 0.12 0.10
840 0.10 0.10 0.10 0.09
850 0.09 0.09 0.09 0.08
860 0.08 0.08 0.08 0.07
871 0.07 0.07 0.07 0.07
880 0.07 0.06 0.07 0.06
900 0.06 0.04 0.05 0.05
950 0.05 0.01 0.03 0.04
982 0.04 0.00 0.01 0.04
1000 0.04 0.00 0.01 0.04
1100 0.02 0.00 0.00 0.04
1190 0.00 0.05 0.03 0.00
1200 0.00 0.05 0.03 -0.01
Temperature      
( 0C )
Reduction Factor Polynomial Value
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Table 5.9
Simply supported column: Temperature-deflection curves data
0 0.0000E+00 0.0000E+00 0.0000E+00
20 1.2000E+00 1.1974E+00 1.1974E+00
80 1.1994E+00 1.1994E+00
100 1.3000E+00
120 1.2307E+00 1.2307E+00
150 1.6000E+00
200 1.7000E+00
220 1.3634E+00 1.3635E+00
320 1.5558E+00 1.5559E+00
400 2.0000E+00
420 1.7871E+00 1.7872E+00
520 2.3373E+00 2.3373E+00
550 2.5000E+00
560 2.7835E+00 2.7836E+00
600 3.5000E+00 3.5853E+00 3.5853E+00
640 5.0311E+00 5.0313E+00
650 6.0000E+00
680 9.5000E+00 6.4426E+00 6.4427E+00
700 7.1999E+00 7.2038E+00
710 1.6000E+01
730 3.3000E+01 8.7385E+00 8.7385E+00
732 8.8649E+00
734 8.9949E+00
736 9.1691E+00 9.1281E+00
740 4.0000E+01
760 1.1108E+01
Temperature      
( 0C )
Experimental Results    
(Rubert and 
Schaumann, 1986)
Present Analysis 
(AISC material 
reduction)
Present Analysis 
(AISC material 
reduction, Plastic 
Hinge model
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Table 5.10
One-story frame: Temperature-deflection curve data (δ1)
0 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
18 8.5000E+00
20 8.5711E+00 8.5712E+00
40 8.4357E+00 8.4357E+00
50 8.5000E+00 8.8000E+00
60 8.3002E+00 8.0970E+00
70 8.1760E+00 8.0177E+00
75 8.0000E+00
80
100 8.0000E+00 9.0000E+00
120 7.9000E+00 8.0904E+00 8.0904E+00
140 8.7164E+00
150 7.9000E+00 9.0000E+00
160 8.2770E+00 8.2771E+00
175 7.9000E+00
180 8.3935E+00 8.3935E+00
200 9.0000E+00 8.5272E+00 8.5273E+00
205 7.9000E+00
220 8.7223E+00 8.7223E+00
237 7.9000E+00
240 8.9628E+00 8.9629E+00
250 9.4000E+00
260 9.2361E+00 9.2361E+00
267 7.5000E+00
280 9.5461E+00 9.5462E+00
289 7.9000E+00
300 9.8978E+00 9.8979E+00
320 1.0298E+01 1.0298E+01
322 8.2000E+00 1.0500E+01
334 8.5000E+00
340 1.0688E+01 1.0688E+01
350 1.1500E+01
353 9.1000E+00
360 1.1129E+01 1.1129E+01
375 9.5000E+00
380 1.1626E+01 1.1626E+01
394 1.0000E+01
400 1.4500E+01 1.2189E+01 1.2189E+01
417 1.0500E+01
420 1.2919E+01 1.2919E+01
432 1.7200E+01
440 1.1200E+01 1.4101E+01 1.4101E+01
450 2.0500E+01
460 2.3000E+01 1.5770E+01 1.5770E+01
464 1.2100E+01
470 2.8000E+01
475 1.4000E+01 3.4500E+01
Temperature      
( 0C )
Experimental Results    
(Rubert and 
Schaumann, 1986)
Chan and Chan, 
2001 (12 
element model)
Present Analysis 
(AISC material 
reduction)
Present Analysis 
(AISC material 
reduction, Plastic 
Hinge model)
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Table 5.10 (continued)
One-story frame: Temperature-deflection curve data (δ1)
480 1.7861E+01 1.7861E+01
483 1.6000E+01
500 2.0000E+01 2.0537E+01 2.0537E+01
504 2.4500E+01
520 2.4061E+01 2.4061E+01
540 2.9189E+01 2.9189E+01
546 3.2041E+01
560 4.1124E+01 1.9325E+01
580 6.6540E+01 6.0818E+00
600 1.5287E+02 -4.1793E+00
616 6.1260E+02
620 -1.2364E+01
640 -1.9040E+01
660 -2.3735E+01
680 -2.7317E+01
688 -2.8676E+01
Temperature      
( 0C )
Experimental Results    
(Rubert and 
Schaumann, 1986)
Chan and Chan, 
2001 (12 
element model)
Present Analysis 
(3 element 
model)
Present Analysis (3 
element model)
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Table 5.11
One-story frame: Temperature-deflection curve data (δ2)
0 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
18 9.0000E+00
20 8.5801E+00 8.5802E+00
30 8.9000E+00
40 8.7374E+00 8.7374E+00
50 9.2000E+00
60 8.8946E+00 9.1305E+00
70 9.0388E+00 9.3928E+00
75 9.5000E+00
80
100 9.6000E+00 9.5000E+00
118 9.8000E+00
120 9.8071E+00 9.0388E+00
140 1.0235E+01 9.8071E+00
150 1.0000E+01 1.0500E+01
160 1.0677E+01 1.0677E+01
175 1.0200E+01
180 1.1135E+01 1.1135E+01
200 1.1800E+01 1.1611E+01 1.1611E+01
205 1.0800E+01
220 1.2147E+01 1.2147E+01
237 1.1500E+01
240 1.2730E+01 1.2730E+01
250 1.3000E+01
260 1.3345E+01 1.3345E+01
267 1.2000E+01
280 1.3996E+01 1.3996E+01
289 1.2200E+01
300 1.4690E+01 1.4690E+01
320 1.5431E+01 1.5431E+01
322 1.3500E+01 1.5500E+01
334 1.4000E+01
340 1.6164E+01 1.6164E+01
350 1.5100E+01 1.7000E+01
353
360 1.6946E+01 1.6946E+01
375 1.6000E+01
380 1.7785E+01 1.7785E+01
394 1.6800E+01
400 2.1000E+01 1.8690E+01 1.8690E+01
417 1.8000E+01
420 1.9762E+01 1.9762E+01
432 2.4000E+01
440 1.9600E+01 2.1285E+01 2.1285E+01
450 2.8000E+01
460 3.0500E+01 2.3296E+01 2.3296E+01
464 2.2000E+01
Temperature      
( 0C )
Experimental Results    
(Rubert and 
Schaumann, 1986)
Chan and Chan, 
2001 (12 
element model)
Present Analysis 
(AISC material 
reduction)
Present Analysis 
(AISC material 
reduction, Plastic 
Hinge model)
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Table 5.11 (continued)
One-story frame: Temperature-deflection curve data (δ2)
470 3.5200E+01
475 2.3500E+01 4.2200E+01
480 2.5279E+01 2.5729E+01
483 2.5300E+01
500 3.0000E+01 2.8740E+01 2.8747E+01
504 3.7100E+00
520 3.2613E+01 3.2613E+01
540 3.8082E+01 3.8082E+01
546 4.1036E+01
560 5.0355E+01 2.8550E+01
580 7.6097E+01 1.5632E+01
600 1.6265E+02 5.7059E+00
616 6.2007E+02
620 -2.1422E+00
640 -8.4729E+00
660 -1.2816E+01
680 -1.6043E+01
688 -1.7259E+01
Temperature      
( 0C )
Experimental Results    
(Rubert and 
Schaumann, 1986)
Chan and Chan, 
2001 (12 
element model)
Present Analysis 
(3 element 
model)
Present Analysis (3 
element model)
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Table 5.12
One-story frame: Temperature-deflection curve data (δ3)
0 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
18 4.9000E+00 5.2000E+00
20 5.3785E+00 5.3785E+00
30
40 5.4695E+00 5.4695E+00
50 5.0000E+00 5.8000E+00
60 5.5605E+00 5.5605E+00
70 5.6438E+00 5.6438E+00
75 5.2000E+00
80
100 5.3000E+00 6.0000E+00
118
120 5.5000E+00 6.1042E+00 6.1042E+00
140 6.3643E+00 6.3643E+00
150 6.0000E+00 6.8000E+00
160 6.6337E+00 6.6377E+00
175 6.0000E+00
180 6.9130E+00 6.9130E+00
200 7.2000E+00 7.2033E+00 7.2033E+00
205 6.4000E+00
220 7.5324E+00 7.5324E+00
237 6.6000E+00
240 7.8903E+00 7.8903E+00
250 8.2000E+00
260 8.2689E+00 8.2689E+00
267 7.0000E+00
280 8.6709E+00 8.6709E+00
289 7.1000E+00
300 9.0922E+00 9.0992E+00
320 9.5581E+00 9.5581E+00
322 7.2000E+00 9.8000E+00
334 7.6000E+00
340 1.0011E+01 1.0011E+01
350 1.0800E+01
353 8.0000E+00
360 1.0496E+01 1.0496E+01
375
380 1.1017E+01 1.1017E+01
394 9.1000E+00
400 1.3000E+01 1.1580E+01 1.1580E+01
417 9.8000E+00
420 1.2249E+01 1.2249E+01
432 1.5000E+01
440 1.0000E+01 1.3204E+01 1.3204E+01
450 1.7000E+01
460 1.9000E+01 1.4469E+01 1.4469E+01
464 1.1100E+01
Temperature      
( 0C )
Experimental Results    
(Rubert and 
Schaumann, 1986)
Chan and Chan, 
2001 (12 
element model)
Present Analysis 
(AISC material 
reduction)
Present Analysis 
(AISC material 
reduction, Plastic 
Hinge model)
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Table 5.12 (continued)
One-story frame: Temperature-deflection curve data (δ3)
470 2.2000E+01
475 1.2000E+01 2.6000E+01
480 1.6002E+01 1.6002E+01
483 1.3000E+01
500 1.6000E+01 1.7909E+01 1.7909E+01
504 1.8000E+01
520 2.0356E+01 2.0356E+01
540 2.3827E+01 2.3827E+01
546 2.5706E+01
560 3.1644E+01 1.9356E+01
580 4.8133E+01 1.2805E+01
600 1.0396E+02 7.6965E+00
616 4.0373E+02
620 3.5552E+00
640 4.7007E-02
660 -2.4915E+00
680 -4.8532E+00
688 -5.8256E+00
Temperature      
( 0C )
Experimental Results    
(Rubert and 
Schaumann, 1986)
Chan and Chan, 
2001 (12 
element model)
Present Analysis 
(3 element 
model)
Present Analysis (3 
element model)
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Fig. 4.2  Temperature-deflection curves for cantilever beam (1 in = 25.4 mm) 
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Fig. 4.6 Temperature-midspan deflection curves for axially-restrained column (two-element model) 
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Fig. 4.7 Coefficient of Thermal Expansion versus temperature 
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Fig. 4.12 Temperature-deflection curves for one-story frame (deflection δ3) 
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Fig. 5.1 Yield strength reduction factor-temperature curves according to AISC and EC3  
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Fig. 5.2 Yield strength reduction factor-temperature curves using MATLAB Analysis  
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Fig. 5.3 Yield strength reduction factor-temperature curves using MATLAB (centered & scaled) 
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Fig. 5.4 Yield strength reduction factor-temperature curves using Microsoft Excel with Trendline 
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